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Lattice QCD
Standard M

odel of 
Particle Physics

• Numerical solution to QCD:

• Non-perturbative formulation of 
QCD in discretized, finite 
spacetime

• Currently our only reliable 
technique for solving QCD at 
low energies

• All uncertainties are quantifiable and 
may be systematically removed

• Extrapolations to                         
continuum, infinite volume,                  
physical pion mass

QCD



Standard M
odel of 

Particle Physics

• Why LQCD for nuclear physics?

• Test the SM

• Match experimental signals to 
new physics models

• Extract experimentally difficult 
quantities 

• Hadron interactions with 
non-zero strangeness

• Three-neutron interactions

• Understand quark mass 
dependence (fine-tuning?)

• ….

QCD
Lattice QCD



LQCD won't be used to 
directly calculate heavy nuclei
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Nucleon:

Deuteron:

*Doi & Endres, Originos et. al., Günther et. al., Detmold, et. al.
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Why?

• Need extremely large 
lattices

• Large range of scales

• Tiny energy splittings

• Wick contractions:       
(A+Z)!x(2A-Z)!                 

• Nucleon noise/sign problem             
signal/noise          

He4 : 518400

Nucleon:

Deuteron:

S/N ⇠ e�A(Mn�3/2m⇡)t

LQCD won't be used to 
directly calculate heavy nuclei
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Precision era for (single nucleon) LQCD

Neutron-proton mass difference: 
accurate to 300 KeV (BMW 2015)

Axial charge of the nucleon:
gA = 1.271(13) (CalLat 2018)



Precision era for (single nucleon) LQCD

Neutron-proton mass difference: 
accurate to 300 KeV (BMW 2015)

Axial charge of the nucleon:
gA = 1.271(13) (CalLat 2018)



Nucleon axial charge





n p

Spectroscopy + Lüscher Method Potential Method

n p

Two methods for calculating few-
nucleon interactions from LQCD:

Yamazaki, et. al.



• Direct scattering “experiments” not possible 
in finite volume/Euclidean time 

• Lüscher: measure discrete spectra of 
interacting particles in a box, and infer the 
interaction (scattering phase shift)

n pLüscher
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“Lüscher” in 1-d

n=0

n=1

n=2

n=3

Slide stolen unabashedly from R. Briceno

p⇤ n

L

Lattice: measure 
energies at a given L

Quantization condition:
Lp⇤n + 2�(p⇤n) = 2⇡n
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“Lüscher” in 1-d

𝜋𝜋-scattering

D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards and C. E. 
Thomas, Phys. Rev. D 92, 094502 (2015)
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Calculating Observables

Complete set of states

 n :

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

u

u
d

u

u
d

t

C(t)
(Euclidean) Time evolution



O :

Calculating Observables

 n :

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

u

u
d

u

u
d

t

C(t)

Like a Boltzmann factor



u

u
d

u

u
d

t

Calculating Observables

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·

O :

 n :

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

C(t)

C(t)

Like a Boltzmann factor



t

u

u
d

u

u
d

Calculating Observables

O :

 n :

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

C(t)

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Like a Boltzmann factor



t

u

u
d

u

u
d

Calculating Observables

O :

 n :

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

C(t)

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Like a Boltzmann factor



t

u

u
d

u

u
d

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

Calculating Observables

O :

 n :

C(t)

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Like a Boltzmann factor



t

u

u
d

u

u
d

hO(t)O†(0)i = hO(0)e�Ht
O(0)i =

X

n

|h0|O|ni|2e�Ent

Calculating Observables

O :

 n :

C(t)

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Long time limit = zero temperature

Like a Boltzmann factor



Calculating Observables

4 6 8 10 12 140.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

têa

M
ef
fHt
êaL

excited states g.s. energy

Effective mass plot:

Me� ⌘ ln
C(t)

C(t + 1)
�!
t!1

E0

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Long time limit = zero temperature



Calculating Observables

4 6 8 10 12 140.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

têa

M
ef
fHt
êaL

excited states g.s. energy

Effective mass plot:

Me� ⌘ ln
C(t)

C(t + 1)
�!
t!1

E0

= A0e
�E0t +A1e

�E1t +A2e
�E2t +A3e

�E3t + · · ·C(t)

Long time limit = zero temperature

How far out in time you 
have to go depends on 

choice of operators
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� [degrees]

Luscher 
• discrete phase shifts 
• need single state saturation                        
• no volume extrapolation 
• no uncontrolled approximations

n p

n p

Potential  
• nearly continuous phase shifts
• only need elastic state saturation               
• need volume extrapolation
• cutoff in gradient expansion

Some comparisons 
between methods

U(r, r0) = VC(r)�(r� r0) +O(⇥2
r/�

2)



NN scattering: Lüscher n p

Phys.Rev. D92 (2015) 
no.11, 114512 

m𝜋 ~ 450 MeV

3P2
3D33P2

m𝜋 ~ 800 MeV



NN Binding energies

T. Yamazaki, arXiv:1511.09179

np



NN Binding energies

T. Yamazaki, arXiv:1511.09179

No bound state
s 

from potential 

method

np
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Few-body systems u d
u d

T. Yamazaki, arXiv:1511.09179

1. Potential method has a set of 
systematics that need to be studied

1. Finite volume
2. Elastic state saturation
3. Cutoff in gradient expansion 

(uncontrolled theoretically)

mπ ~ 370 MeV
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1. What could potentially be going wrong 
with Luscher? 

Difficulty lies in spectroscopy

mπ ~ 370 MeV



Few-body systems u d
u d

T. Yamazaki, arXiv:1511.09179

1. What could potentially be going wrong 
with Luscher? 

Difficulty lies in spectroscopy

Need good analysis/operators!
mπ ~ 370 MeV
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n p n2=1

n p n2=2

n p n2=0

E

Elastic scattering 
(2-body)

ΔE ~ 50 MeV

Excited state contamination

Inelastic single bodyn p
ΔE ~ m𝜋



CalLat (2017)
Matrix Prony:
NPLQCD (2009)

Remove 
elastic E.S.

np

Remove 
inelastic 
E.S.

pn



CalLat (2017)
Matrix Prony:
NPLQCD (2009)

Remove 
elastic E.S.

np

Remove 
inelastic 
E.S.

pn

This doesn’t bode well for HalQCD’s 

claim of elastic state saturation!
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The future:  
GEVP approaches

𝜋𝜋-scattering

D. J. Wilson, R. A. Briceno, 
J. J. Dudek, R. G. Edwards 
and C. E. Thomas, Phys. 
Rev. D 92, 094502 (2015)

Nπ: Δ

Andersen, Bulava, Horz, Morningstar (2018)

mπ ~ 280, 460 MeV

ΛΛ: H-dibaryon

Hanlon, Francis, Green, Junnarkar, Wittig (2018)

mπ ~ 800 MeV



• Short-ranged  
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experiment
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π-

π+

ν

Xu Feng, Lu-Chang Jin, Xin-
Yu Tuo, Shi-Cheng Xia, 
Phys. Rev. Lett. 122, 

022001 (2019)

see also D. Murphy, W. 
Detmold Lattice 2018

n p

n p

e-

e-

~gA

π-

π+

Matrix elements: Neutrinoless Double Beta Decay

• Long-range 
contributions may 
require non-perturbative 
treatment even for two 
nucleons



Matrix elements: Background Field

Magnetic 
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Scalar, Axial, Tensor 
charges
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Matrix elements: Background Field

Magnetic 
polarizabilities

Scalar, Axial, Tensor 
charges

e-
d u

e-

d u

n p

pn

ν
ν

Isotensor polarizability
mπ ~ 800 MeV



• LQCD has entered a precision era for single nucleon 
observables

• Systematics are important and must be carefully 
controlled
• Convergence for single baryon HBChiPT (without Deltas) 
may be poor

• Multi-nucleon calculations
• Results from several groups at heavier than physical pion 
mass 
• Physical pion mass will require excellent operators

• Variational methods? 
• Francis et al. 1805.03966 (H-dibaryon) 
• Andersen, Bulava, Hörz, Morningstar, CalLat

• Several relevant ME’s now being calculated, but physical 
pion mass still currently only available for single hadron

Summary
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